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Abstract

This paper investigates the optimal design of research contests. A “principal”, who values an
innovative technology, attempts to speed up the discovery. In order to minimize the expected amount
of innovation time required, the principal decides how to allocate the fixed budget between a top-up prize
(e.g. a procurement contract) and efficiency-enhancing subsidies (e.g. a research grant) to competing
R&D firms. The study’s main results are as follows. Firstly, the optimal contest preferentially subsidizes
the ex ante less efficient firm. Secondly, more resources are devoted to research subsidies when the private
benefit of the innovation to the successful innovator increases. Finally, more resources are allocated as
subsidies when the innovation involves more uncertainty.
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1 Introduction

A contest is an institution in which economic agents are motivated to expend scarce resources by
the prospect of winning a limited number of prizes. A wide range of competitive events can be
viewed as contests. One salient example is an R&D contest, a type of contest that is frequently
organized in order to procure new technology.! R&D contests have been widely observed to be
efficient mechanisms for spurring innovative activities. As early as in 1714, the British Parliament
offered a prize of £20,000 for a “practical and useful” means of determining longitude at sea (Che
and Gale, 2003). In 1829, the directors of Liverpool and Manchester Railway set aside a winner-
take-all premium of £500 for the designer of the most improved locomotive engine for the first
ever passenger line (Day, 1971). The winning design propelled the world into the golden era of
steam locomotion. The U.S. Department of Defense (DoD) has used prize incentives (e.g. military
procurement contracts) extensively to stimulate research into defense technology. One recent event
was the 2005 DARPA (Defense Advanced Research Projects Agency) Grand Challenge. This was a
race among autonomous robots in the Mojave Desert along a 132.2 mile long route. There were 23
finalists and the winner, who was the first participant to complete the course, earned a $2 million
prize. The long and non-exhaustive list of recognition prizes today is a testament to the popularity
and importance of R&D contests in motivating innovations (see Konrad, 2007).

Besides prize incentives, financial subsidies or research grants make up another popular instru-
ment used to stimulate scientific discovery (see Gonzédez, Jaumandreu and Pazo, 2005). There are
numerous basic research projects that are sponsored by public funds in the United States, as well as
in many other countries. In addition to the prizes that reward winners, the DoD often heavily sub-
sidizes firms that participate in its research contests (Lichtenburg, 1967, and Che and Gale, 2003).
It can be deduced through mere intuition that both a prize and a subsidy can provide competing
parties with additional incentives to exert productive effort if they are properly administered. It
remains unclear, however, to what extent the two appealing instruments could functionally either
substitute or complement each other. This ambiguity naturally poses a challenge to the design of
a research contest. In other words, the question is how to choose between these two instruments
to foster certain innovation? This paper directly addresses this question by studying the optimal
design of a research contest and the nature of these strategic instruments.

In this paper, a particular scenario is considered in which two R&D firms engage in scientific

! Other examples include influence politics, sports, college admissions and labor market competition within firms.



activities in order to produce a given innovation (e.g., the longitude contest held in 1714) sooner than
the other.? A patent race framework, as suggested by Dasgupta and Stiglitz (1980), is adopted here
to model the competition.®>* The firm that achieves this discovery first can patent the technology,
while the other firm receives nothing. The winner enjoys a private benefit from this patent, which
includes cash flow from royalties, procurement contracts from future buyers of the technology,
revenues from other commercialization of this technology and reputation.

A third party is one that intends to speed up the innovation for its own benefit. This party
is denoted through the use of the generic term “principal”, which encompasses a wide variety of
practical settings. The principal can be a firm that searches for a technical solution. For instance,
Apple Inc. has frequently outsourced its research and manufacturing tasks to capable high-tech
firms. The principal can also be a public agency that looks for a particular technology to fulfill its
own goal. For instance, a country’s Ministry of Health may demand an effective vaccine to rein in a
deadly epidemic. Another example is that DoD actively seeks reliable combative robots to fight off
snipers in Baghdad. Alternatively, the principal can be a non-profit science foundation dedicated
to inspiring scientific breakthroughs, such as resolving a major mathematical puzzle.

The principal attempts to speed up this discovery by utilizing its limited financial resources. The
expected innovation time is jointly determined by the outputs of these firms. The technological
output of a firm depends on both its research capacity or efficiency (the quality of laboratory
equipment and scientists) and its subsequent input (autonomous research effort). Subject to a
fixed budget, the principal has the flexibility to either promise a top-up prize (e.g., an additional
procurement contract) for the winner in order to step up the firms’ inputs, or provide subsidies
(e.g., research grants) to the firms in order to improve their efficiency.’

This paper explicitly assumes that the principal utilizes its resources solely to minimize the
expected innovation time. Gradstein and Konrad (1999) argue that the structure or rules of a
contest are usually deliberately designed by the contest’s organizer, and “result from the careful
consideration of a variety of objectives”. Although a contest can carry out various missions and

use differing performance measures, a common concern when designing contests is the efficient

?Taylor (1995), Fullerton and McAfee (1999) and Che and Gale (2003) have shown why it is optimal to shortlist

only two contestants in different R&D contest settings.
3 As pointed out by Baye and Hoppe (2003) and Fu and Lu (2007b), this type of patent race model is of stochastic

equivalence to a Tullock contest.
4This model has been popularly adopted in the literature. For instance, Vincenzo Denicold (2000) adopts this

model in a study on optimal patent policy.
>The research grants can be used by the recipients to buy new instruments and hire more researchers.
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provision of appropriate incentives to elicit the desired amount of effort.

Much research has been carried out to examine how contests can be better designed to max-
imize overall effort.® At the same time, studies on research tournaments, where firms compete
on the quality of their innovative products, have focused on an alternative objective: the value
of the winning technology (Taylor, 1995, Fullerton and McAfee, 1999, and Che and Gale, 2003).
Obviously, this outcome is positively related to the amount of effort exerted by each contestant.
In our setting, where contestants compete to develop an innovation of a given nature, a natural
goal of the principal is to shorten the delivery cycle.” The length of the delivery cycle is jointly
determined by the effort profiles of the competing firms, as well as the nature of the innovation
project and their research capacities.

While a more generous prize purse unambiguously contributes to a quicker discovery as it
encourages firms to step up their efforts, more research subsidies could affect the innovation time
through multiple venues. On the one hand, they can directly speed up the innovation, as subsidies
enhance firms’ efficiencies and amplify the technological outputs of the firms for given inputs. On
the other hand, the improved efficiencies rendered by the research subsidies alter firms’ incentives to
exert research effort, while the nature and magnitude of this indirect effect has yet to be identified.
Given the fixed budget of the principal, however, additional research subsidies crowd out the
resource that is otherwise available for a more generous prize purse. These competing forces thus
blur the trade-off between the two options.

Our paper shows that although both subsidies and prize incentives facilitate success, their
functions differ subtly and the ability of one to substitute the other is limited. In particular, it has
been found that the optimal budget allocation depends critically on the subtle interactions among
three main factors: the existing value of the patent (private benefit) to the successful innovator, the
technological nature of this innovation and the initial technological endowments (research capacity)
of the firms.

Firstly, innovations vary in the amount of private benefit that could be gained by the winner.
For instance, an applied research project could provide considerable commercial value, while basic
research usually does not. A civil technology can be widely licensed to reap immediate rewards,
while military technology may not. A scientist in a developing country often expects little returns

from his success due to weak intellectual property rights protection. A lower patent value thus

See Konrad (2007) for a thorough survey of theoretical work on contests.
"Dasgupta and Stiglitz (1980) discuss the factors that shorten innovation time.



propels the principal to compensate for this missing incentive by enriching the prize purse. We find
that when the private benefit to the innovator is sufficiently low, neither firm is subsidized and all
the money is added to a prize. By way of contrast, when the patent itself has a substantial value,
an additional prize incentive would provide less incentive to motivate the firms to exert additional
effort. Instead, in such cases, a greater share of research support in the form of subsidies would
appear to reduce the expected innovation time.®

Secondly, innovative activities differ in their technological nature. In the setting discussed in
this paper, the technological nature of an innovation specifically refers to the elasticity of the
hazard rate (the conditional likelihood of discovery) to a firm’s effort supply. That is, the higher
the elasticity, the more a given amount of incremental effort can contribute to success, and the
less uncertainty or difficulty is involved. In contrast, when the hazard rate is less responsive to
additional effort, the discovery being pursued requires a greater amount of sacrifice. For example,
additional research input could significantly expedite the development of a diet drug, while it would
do less for the development of an effective HIV vaccine. We unanimously find that higher elasticity
leads to lower subsidies but a more generous prize purse. Higher elasticity and additional research
subsidies function analogously: both (directly) contribute to the likelihood of success for any given
effort input. Higher elasticity is therefore a substitute for research subsidies and redirects resources
into the prize purse in the optimum. This result provides important insights into the design of
incentive mechanisms that facilitate innovation: prize incentives will sufficiently motivate targeted
research only if the project of interest involves a moderate level of difficulty, while subsidies provide
stronger motives when competing parties hold out weak prospects of success.

Thirdly, the most intricate strategic interactions are triggered when the principal distributes
subsidies between competing firms. Firms may differ in their initial capabilities due to heterogeneity
in terms of their physical capacity, human capital and knowledge stock.” Although a subsidy may
provide a catalyst for success for any given effort input, its impact on equilibrium effort supplies is
mixed. On the one hand, it encourages the recipient to work harder, as a subsidy is qualitatively

equivalent to a reduction in marginal cost of effort. On the other hand, it could either level or

$Enhanced research capacities can induce contestants to exert a greater amount of research effort. This has been

empirically supported (e.g. Lach (2002) among others).
9The heterogenity of firms can be attributed to their financial liquidity as well. Financial constraint that restricts

a firm’s action space is not explicitly included here. However, financial constraint (on effort supply) can be technically
interpreted as a low efficiency parameter in our model. More details will be revealed by the model and are discussed

in Section 4.



imbalance the playing field indefinitely, which alters competing firms’ incentive to engage in effort,
and, in turn, set off additional strategic interactions between them. It is shown here that a firm
must be more preferentially subsidized when it is initially less efficient than the other, unless the
patent carries little existing value (private benefit).!? A subsidy may efficiently shorten the cycle
only if it fills in the gap in firms’ initial endowments of technology, while it provides a negative
incentive (i.e., reduces equilibrium effort supply) when it exacerbates initial asymmetry.

This paper adds to the literature on the optimal design of the innovation race.'’ One obvious
contribution of this paper is that it explicitly includes financial subsidies in the portfolio of strategic
instruments. A number of studies have concerned themselves with optimally allocating prizes of
differing ranks in innovation races as well as other type of contests. For instance, Denicoldo and
Franzoni (2007) investigate the optimal use of the winner-take-all principle in innovation races
under different market conditions.'> To the best of our knowledge, one important dimension of
analysis has been ignored thus far, which is that the organizer may allocate his budget to improve
participants’ capabilities besides enriching the winner’s purse.'?

This paper is also closely linked to the literature on optimal handicap. Conventional wisdom
teaches that a more level playing field creates more competition. A handful of papers have analyt-
ically implemented this logic in different contexts. For instance, Che and Gale (2003) show that in
a research contest where firms compete based on the quality of the technology, imposing a bidding
cap encourages both contestants to step up effort supplies. Unlike Che and Gale (2003), however,
this paper studies research contests where firms race towards an innovation of a given nature,
and the mechanism derived in this paper positively assists the weaker instead of handicapping the
stronger.'* Both approaches aim to balance the competition, and this paper complements Che and
Gale’s (2003) in this regard.

The remainder of this paper is structured as follows. Section 2 presents the setup of the model.

Section 3 executes the formal analysis on optimal contest design. Section 4 discusses the results.

10T that case, no subsidy would be provided in the equilibrium.

See Konrad (2007) for a thorough survey of theoretical works on contests.

20ther such studies include Moldovanu and Sela (2001), Matros (2005), Rosen, (1986), and Fu and Lu (2007a).
13The contestants may be self-motivated to make pre-contest investments to improve their fighting ability. This

case has been analyzed by Krikel (2004), Miinster (2007) and Fu and Lu (2008), among others.
" Che and Gale (1998) studied the effect of a contribution cap on influence politics, and showed that it intensifies

the competition. The role of a bidding cap has also been discussed by Fang (2002). Similarly, Fu (2006) has shown
that in an all-pay auction with heterogenous players, total effort and the expected winning bid can be simultaneously

and uniquely maximized when the weak contestant’s bid is properly scaled up.



Concluding remarks are made in Section 5.

2 The Model

Two R&D firms, indexed by 7 = 1,2, are engaged in a race towards an innovative technology. The
firm that succeeds first could patent this technology and secures a private benefit V5 > 0. A third
party (e.g. a public agency like DoD) benefits from this innovation, and hence is eager to obtain
this technology. This party is generically named a “principal”. The principal has a total budget
of M to foster this innovation. Specifically, the principal intends to spend its money eliciting the
innovative effort supplied by the two competing R&D firms to minimize the expected innovation
time. In order to fulfill this objective, the principal has to optimally divide its budget M into two
parts: direct subsidies to firms (S; and S2) and a top-up winning prize (I'g), e.g. a procurement
contract, with Sy, 59,19 > 0.

Each firm ¢ invests an R&D effort of x; on this research project in order to achieve a quicker
discovery. The first successful innovator receives a total winner’s purse of Vo+1'g as its reward, while
the other firm gets nothing. For the sake of tractability, the framework of Dasgupta and Stiglitz
(1980) is adopted here to model this R&D race.!® The actual time ¢; for firm i to accomplish this
task is a random variable that follows a Weibull (minimum) distribution. To put it formally, given

x;, the probability that firm ¢ successfully innovates before time ¢ is given by
Fi(tlaz;) =1—e M@t ¢ >0, i=1,2, (1)

where h;(z;) is firm 4’s hazard rate of success, i.e., firm i’s conditional probability of making the
discovery between time t and time ¢t + At, provided that the discovery has not been achieved before
time ¢. It is assumed that h;(z;) is strictly increasing with effort z;, and is concave in its argument.
Clearly, h;(x;) measures the technical output of firm 4’s innovation activities. Specifically, it is
assumed, for analytical tractability, that the hazard rate h;(x;) takes the functional form h;(z;) =

kiz}, with k; > 0 and r € (0,1]. The parameter r, which measures the elasticity of the hazard

'5This approach assumes that each competing firm commits to a one-shot lump-sum R&D outlay that determines
the time distribution of its success. Denicold (2000) and Baye and Hoppe (2003), among many others, have followed
this approaches in modelling innovation races. Kaplan, Luski and Wettsein (2003) suggest an approach that is
analogous to an all-pay auction but also requires lump-sum effort. Another popular approach has been proposed
by Lee and Wilde (1980) that requires each competing firm to commit to its R&D investment rate. Please refer to
Reinganum (1989) for a thorough discussion on these modelling approaches. A recent application of Lee and Wilde

(1980)’s model can be seen in Etro (2004).



rate to additional effort, is common to both firms. Determined by the technological nature of this
innovation, it indicates the effectiveness of the R&D efforts in this particular innovation activity.'®
A smaller r depicts an innovation that involves more uncertainty. Parameter k; reflects the impact of
research capacity (e.g., quality of laboratory instruments and scientists) other than the researcher’
autonomous efforts on the innovation efficiency, i.e., the efficiency or capability of a firm. The two
firms could differ ex ante in their existing capacities, and a subsidy from the principal directly
improves their capacities. It is assumed that k; = 0; + S;, where #; indicates the firm’s initial
innovative capability, while .S; denotes the research subsidy the firm receives from the principal. As

a result, a firm ¢’s conditional probability of making the discovery at the instant time ¢ is given by
hi(@i) = (6 + Si);. (2)

This setting thus intuitively captures the notion that a research grant amplifies a firm’s R&D
output. For example, the firm could spend the grant upgrading laboratory equipment and hiring
additional scientists. Additional physical or human capital stock boosts the firm’s productivity, as
it allows the firm to conduct more parallel experiments. Without a loss of generality, it is assumed
that 61 > 605, which indicates that Firm 1 has an ex ante larger research capacity than Firm 2. It
is assumed throughout this paper that the R&D firms are subjected to limited liability, which thus
requires that the monetary transfer S; from the principal be non-negative.

Hence, from the viewpoint of the principal, for a given effort profile (x1,x2), the innovation

time has a cumulative distribution function

F(t‘xl,l‘g) = 1- (1 — Fl(t|a:1)) (1 — Fg(t|$2))

= 11— mE)thE)l 4> (3)

The expected innovation time is then given by

1
hi(x1) + ha(z2)

We assume that the principal intends to minimize the expected innovation time as given by

E (e, z2) = (4)

(4). The principal has to determine the optimal research grant profile (S1, S2) that subsidizes the
competing firms, and a top-up prize 'y that rewards the winner. She is subject to the following
budget constraint:

S1+ S+ g <M, 5 >0,5 >0, I'p>0. (5)

'6See Fu and Lu (2007b) for further interpretations of parameter . Fu and Lu (2007b) have shown that a patent

race model is equivalent to a Tullock contest with impact functions of h;(+).
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Formally, a two-stage game is considered. In the first stage, the principal announces the rule
of the contest, which is represented by the profile (S1,S2, o). It strategically sets the amounts of
research grants and the top-up prize to minimize the expected innovation time F (t|z1,z2). In the
second stage, firms simultaneously commit to their R&D outlays 1 and z2 in order to maximize
their expected payoffs.

It is assumed that R&D effort incurs a unitary marginal cost to each firm, i.e., C;(x;) = z;.

Hence, a firm ¢’s expected payoff is given by
7T7;(LU1',.%‘]') =Pr (ti < tj|.1,‘l', ZEJ') vV — Ti, = 1, 2,

where V = Vy + Iy is the total reward received by the winner, which includes the private bene-
fit from the patent V4 and the value of the top-up prize I'g awarded by the principal. This paper
attempts to solve for the subgame perfect Nash equilibrium. That is, we intend to find out the opti-
mally designed contest (57,55, 1) announced by the principal, when it anticipates the equilibrium

responses of the competing firms (z1(S7, S5, L), 22(S7, 55, T¢))-

An Alternative Derivation of the Principal’s Objective

It has explicitly been assumed that the principal solely minimizes the expected innovation time.
This objective can be alternatively motivated by the following derivation. Assume that the principal
receives a benefit B for each unit of time from consuming the innovation, and that it has a time

discount rate of p. A rational principal would maximize its expected payoff as follows.

U(hy (21), h2 (22), p)
— / </ e_ﬂSBdS> (hl (iUl) + hg ($2)) e—(hl(x1)+h2(x2))tdt
t

0
B
p

P
L @) @) T )

Thus, the principal maximizing (6) in fact minimizes the expected innovation time as given by (4).
Both objectives are equivalent to maximizing the aggregate technological output [hq(z1) + ha(z2)].
For the sake of analytical tractability, it is assumed that the firms do not discount future payoffs.
This setting, however, corresponds with a situation in which early innovation is more appealing to

the principal than to the innovators.!” For instance, an effective vaccine could create substantial

17Please refer to Section 4.5 for a more detailed discussion of this.
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social benefits in addition to the private benefit that is received by the innovative pharmaceutical

company.

3 The Analysis

This game is solved by backward induction. Each firm’s equilibrium effort outlay in every given
subgame is first characterized. The optimal allocation of the budget is then searched out that

minimizes the expected innovation time.

3.1 Equilibrium R&D Effort

A firm wins if it realizes the desired discovery sooner than the other. The winning probability of a

firm ¢ is then given by

[e’e] tj

Pr(t; <tjlzi,zj) = / (/ F (ti]xs) dtz‘) Fj (tj]zy) dt;

0 0
hz(xz)

hi(xi) + hj(z;)

Recall that the hazard rate h;(z;) = kjz] = (6; + S;)z]. Firm ¢’s expected payoff is thus rewritten

as

iz, x5) = Pr(ty <tjleg,z;)V —ay
(0; + i)zt |

— L Vo +Tg) — = 1’2.
(Qi—l-Si)m’i"—l—(Qj_'_Sj)x;( 0 0) — Xi, &

The first-order condition for the firm ¢’s expected payoff maximization problem is given by

Omy _ rai 'a(0: + i) (0; + )
— = Ve To)—1=0,i=1,2.
0x; [(9i+5i)xf+(9j+5j)x§]2 (Vo +To) i

The equilibrium effort for a given allocation profile (S, 52,1) is thus obtained as follows

«  x w101+ S51)(02+ 52)
N = = G e + (0, Sy (e Tl @

Notably, the two firms invest the same amount of R&D effort in the equilibrium, regardless of

the levels of their ex ante research capacities.

3.2 The Optimal Budget Allocation

Having obtained the contestants’ equilibrium effort outlays in any given contest (Si,S52,T), the

principal’s optimal budget allocation problem is now probed. The principal’s objective is to min-
10



imize the expected innovation time. Given the equilibrium effort function (7), the expected inno-

vation time is thus written as

1
[(01 + S1) + (02 + Sa)]z*"
[(91 + Sl) + (92 + SQ)]QT_l

T (014 51) (62 + S2) (Vo + Do)l (8)

E(t) =

The principal is to set the optimal bundle (S7,.55,I'f) to minimize (8), subject to constraints
(5). The principal allocates the resources among the three elements by comparing their marginal

impacts on E(t), which are given by

OF (t) 2r—1 r
— = FE(t — 9
051 (>[91+92+51+SQ 914—51]’ ()
OF (t) 2r—1 r

= FE(t — 10
059 ()[91+92+81+SQ 92"’82]’ ( )
oE(t) —r

Before formally solving for the optimal budget allocation plan (ST, S5,1), we first examine the
role played by these strategic instruments. For descriptive convenience, we define £; =

2r—1 —
D1 4015175 — 0, & =

_r __ _
01+51

T _ 2r—1
02452 01+62+S51+52

> 0 and {3 = 37, > 0. Note that the optimal

allocation of the budget solely depends on comparisons among &, and 3.

Lemma 1 Let ¢ denote any of the three instruments (Si,S2,9). mgét) < 0 and B%Et) > 0,

regardless of the existing allocation (S1,S2,T0).

Proof. See Appendix. =

Lemma 1 manifests the constantly positive effects of the three strategic instruments (S, S2, o)
on quicker success. Regardless of the existing allocation (S1,S2,Tg), a more generous prize purse
or additional subsidy to either recipient always helps reduce E(t). However, the marginal impact of
an instrument strictly decreases as the amount of resources allocated to the instrument increases.
As a result of Lemma 1, the optimal allocation profile requires the budget of the principal to be
binding.

We next examine how these strategic instruments affect firms’ incentives of effort supply. Obvi-
ously, a firm’s equilibrium effort strictly increases with the top-up prize I'g. Thus, a greater top-up
prize always help reduce the expected innovation time. However, the impact of an additional sub-

sidy on a firm’s incentive to supply effort is subtly ambiguous. Take the first order partial derivative

11



of x} with respect to S; and we obtain

ox;  r(o+T0) (05 +5) 0 oy e
S, [(0:+S:) + (0 + 5;)]3 [(8; + Sj) — (0i + Si)]. (12)

g?; thus depends on (6; + Sj)— (0;+.5;). It reveals that providing an additional subsidy

The sign of
to a firm could stimulate its equilibrium effort supply if and only if the recipient is weaker than the
other in terms of research capacity.

Furthermore, taking the first order partial derivative of =} with S; yields

oz;  r(Vo+To)(0; +S;)

2

8Sj n [(91 +Si) + (9j + Sj)]?’

[(0; + i) — (85 + 55)], (13)

which implies that when its rival receives an additional subsidy, a firm would increase its effort
supply if and only if it is stronger.
These observations therefore lead to the following preliminary result that tremendously eases

the optimal design problem is shown.

Lemma 2 The optimal budget allocation must satisfy the following conditions:

(a) Firm 1 remains at least as strong as Firm 2, i.e., 01 + ST > 62 + S5;

(b) If Firm 1 receives a positive subsidy, then Firm 2 must be as strong as Firm 1, i.e., 01457 =
02 + S5 if ST > 0;

(¢) If Firm 1 remains strictly stronger than Firm 2, then it must receive no subsidy, i.e., ST =0

if91+Sf > 92+S§.

Proof. Lemma 2 concerns itself with the allocation of subsidies between the two firms. We

imagine that an infinitesimal amount of additional money is to be given to firm i. Since E (t) =

((91+51)+(192+52))x*“ its marginal impact on E(t) is given by

dE(t) OE(t) 0E(t) 0z
R T (14)

which is a composition of a direct effect

OE(t) —z*" (15)
0S; {10 + Si) + (05 + S;)]z*}?’
and an indirect effect ax(*) © 95

One observes from (15) that the direct effect of S;,i = 1,2 always has a negative sign, i.e.,
the direct effect tends to reduce the expected innovation time, regardless of the identity of the

recipient. In addition, the magnitude of this first order impact does not depend on the identity
12



of the recipient of subsidy. However, the sign of the indirect effect is indefinite. Apparently, E(t)
strictly decreases with equilibrium effort z*. By (12) and (13), when the stronger (weaker) efficient
firm is further subsidized, the equilibrium effort decreases (increases). This implies that when an
additional amount of money is available to subsidize firms, it is a strictly dominant strategy to
allocate it to the currently weaker firm to reduce the innovation time. We therefore conclude that
01+ ST > 02+ S5 must hold in the equilibrium. That is, the optimal allocation plan cannot reverse
the initial asymmetry, which gives rise to Lemma 1(a). Results (b) and (c) immediately follow.

QED. =

A subsidy to a firm affects the expected innovation through two avenues. Recall that the

expected innovation time is given by E(t) = W
i TRy

On the one hand, an additional subsidy to
a firm tends to reduce the innovation time, as it improves the firm’s performance for any given profile
of effort outlays. On the other hand, it could indirectly affect the innovation time as it varies the
equilibrium effort z*. The former effect is obviously negative (i.e., it reduces the expected innovation
time). By way of contrast, the direction of the indirect effect critically depends on the identity
of the recipient. Its nature is directly revealed by (12) and (13). These equations unambiguously
indicate that additional funds that subsidize a firm increases both firms’ incentive to supply effort
if and only if the recipient is strictly weaker than the other. This result thus demonstrates the
subtle role played by a subsidy: it spurs on additional competition when it levels the playing field,
while stifling the competition when it exacerbates existing imbalance.

As the amount of time for innovation strictly decreases in the effort exerted by each firm, the
implication of the above discussions for the optimal contest design becomes clear. In order to
maximally reduce the amount of time that firms require to achieve the innovation with a limited
amount of resources, the optimal allocation bundle would preferentially subsidize the ex ante weaker
firm, while it never allows this firm to ex post leapfrog the other.

Hence, in the subsequent analysis, two possible cases are considered: (1) 61 — #2 > M and
(2) 61 — 02 < M. In the former case, severe capacity asymmetry exists across the firms, and the
resource available to the principal does not suffice to fill in the gap. Consequently, Firm 1 would
remain strictly more efficient than Firm 2 regardless of the allocation plan. In the latter case, the
initial asymmetry between the two firms is relatively mild and the principal could fully balance the

competition using its budget, although a fully symmetric confrontation may not be optimal.
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3.2.1 Case I: Severe Asymmetry (61 — 02 > M)

The following preliminary result on the distribution of a research grant between the two firms is

first established.

Lemma 3 When 01 — 03 > M, the optimally designed contest does not subsidize Firm 1, i.e.,
ST =0.

Lemma 3 directly follows from Lemma 2(c). When the funds available to the principal are
insufficient to fully balance the playing field, any subsidy to Firm 1 provides only a negative
incentive to the firms as it further upsets the balance. Hence, three possible optimal allocation
plans could result: (1) S5 =M, and I'{; =0, (2) S5, 'y >0, S5+ = M and (3) S5 =0, ['; = M.

In view of the fact that Firm 1 never receives any subsidy in this case, (8) leads to

[01 + (02 + o))t
[r01 (02 + S2) (Vo + To)]"

E(t) = (16)

The principal minimizes (16) subject to the constraint Sy + I'o = M, S; > 0, T'p > 0. (16) leads

to
OF (t) 2r—1 T
= E(t)- — ; 17
059 ( ) [91+(92+52) 92‘|‘S’2]7 ( )
OFE (t) B —r
and ar, E(t) Vo i Ty’ (18)

The optimal budget allocation between I'g and SS9 is searched for by conducting the following
thought experiment. An arbitrary allocation plan (S2,I'g = M — S2) is fixed. The principal
may have to reallocate the resource between Sy and I'g to achieve the optimum. The direction

of desirable reallocation thus completely depends on a comparison between the impact of the two

2r—1 o r _
0T(0:+5%)  9aFSs| > §3 =

be directed away from the prize but towards Sa, while otherwise it goes the other way.

instruments. In other words, when &5 =

m , the resource must

The trade-off between the subsidy and top-up prize is illustrated in Figure 1. The values for

the parameters are as follows: 61 =2, 0, =1, r=1, V=1, M = 2.

The downward-sloping solid curve plots \a(%(;) |, while the upward-sloping dotted curve plots

85;(;) |. As the optimum requires a binding budget constraint of Sy + I'o = M, 6{1;%(;) is simply

defined as functions of S instead of I'g itself. As shown in Figure 1, when S5 increases, its

marginal impact on E(t) continues to decline, while it complementarily steps up the magnitude of

8£(§). These observations tremendously facilitate the derivation of the following results.
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Figure 1: The Impacts of Sy and 'y on E(t)

Proposition 1 When 01 — 05 > M, in the unique subgame perfect equilibrium, the principal

(a) exhausts the entire budget to subsidize Firm 2, i.e., S5 = M, if and only if Vo > ngllﬁit%()gﬁ\/lﬂ?;

(b) allocates the entire budget to the prize, i.e., I'y = M, if and only if Vo + M < %;

(c) splits its budget between the prize and the subsidy to Firm 2, if and only if

T(91+92+M)(02+M) T92(91+6’2)

dVo+ M > —— 19
T91+(1—T)(02—|-M) an 0+ >7‘01+(1—T)92 ( )
In this case, the optimal S5 € (0, M) is the unique solution of
1—
rfy . r _ r ‘ (20)
01+ (02 + S2)] (02 4+ S2)  [01 4+ (024 S2)] (Vo + M — S9)
ré —r : : r :
Proof. (a) Note eI 91+(192+52) strictly decreases with Sy, and r—gi—g;y strictly

)
increases with So. Thus it is optimal to have Sy = M if and only if [91+(92+75921)](92+52) + [91+(19;152)] >

m when S = M. This requires
7’91 I 1—7r . L -
[01+(92+M)](02+M) [01+(92+M)] - W
61+ (1 —71) (62 + M) DN
(01 + (02 + M)] (6 + M) — Vo
(01 + (02 + M)] (62 + M)

T91+(1—7’)(92+M) -
15



(b) By the same argument as the proof for (a), it is optimal to allocate the entire budget to I'y

. . 0 1— A N . .
if and only if [61+(92+7:€21)](62+52) + [01+(92152)} < VO-H\Z—Sz when Sy = 0, i.e. I'g = M. This requires
ro n 1—r < r N
02001 +62) (01+62) — Vo+M
rf1 + (1 —7)02 < r o

02(61 + 62) - W+ M
7"92(91 =+ 92)

M _
Vot - 7“91+(1—T)92

However, such an equilibrium of (b) may not exist at all. The above condition can hold only if

r02(01+62)
T91+(1—7’)92 > M.

(c) The results of (a) and (b) directly imply (c). When an interior solution ends up, the
equilibrium would require (20) holds. Note that the left hand side of (20) strictly decreases with
Sy, and the right side of (20) strictly increases with Ss. By intermediate value theorem, a unique
solution S5 € (0, M) of (20) must exist if the conditions of Proposition 1(c) hold.

QED. =

Proposition 1 states that the optimal budget allocation profile crucially depends on the private
benefit V. More specifically, the principal should expend more resources subsidizing the ex ante
weaker firm when the firms expect ample rewards from the patent, while it should expend more
resources augmenting the prize purse when the patent value is insufficient. Simple algebra (Lemma
1) reveals that the impacts of additional subsidy Sy and additional prize purse I'y are both strictly
decreasing. When the patent value falls within a medium range, an interior solution results and
gives rise to both a positive subsidy and a top-up prize. Based on the arguments in the proof

of Proposition 1(c), S5 and I'§ are continuous at the thresholds V = 10201402) _ pr and Vo =

rO1+(1—7)02
r(01+62+M)(02+M)
7‘91+(177‘)(92+M) :

What remains is to explicitly solve for the optimal subsidy S;. Rearrange (19) and the following
quadratic equation of S5 is obtained:
S5 + [1(201 + 02) + (Vo + M) + 05 — (Vo + M)]S3

— (81 — 02) (Vo + M) — 10(01 + 02) + 05(Vo + M)] = 0.

Corollary 1 When Vj < T(T?lr_e(iti\;[()e(git\/[]\;[) and Vo + M > %, the principal allocates an
/A2 _
amount S5 = w to subsidize the weaker firm, where Ay = [r(201 + 02) +r(Vo + M) +

0y — (Vg +M)] and Ay = [T(91 - 92)(‘/0 + M) — 7“92(91 + 92) +¢92(V0 +M)]
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—A1EVA1+H4AS
2

Proof. Two roots given by , can be obtained by solving (20) using standard technique.

By Proposition 1(c), a unique S5 € (0, M) exists. Ay can be rewritten as

r(01 — 65) 1 02
Ay = M N
2 = 10200+ 0) (Vo M)y oS T W ) T 10300 £ 62)
r01 + (1 —7)02 1

= o+ ) Vo + M= Gy T W)

Ao > 0 by the condition Vo + M > %. Thus, we must have \/A% +4Ay > Aq, and the

\/ A%+4A2 —Aq
s —

unique positive root is

QED. =

3.3 Case II: Mild Asymmetry (6; — 6, € [0, M])

The case that involves mildly asymmetric firms is now considered. When 61 — 62 € [0, M], the
principal has sufficient funds to fully counterbalance the asymmetry by preferentially subsidizing
the weaker firm. However, a fully balanced playing field may not necessarily emerge in the optimum
scenario, as a more generous prize purse stimulates effort supply as well.

Returning to the thought experiment conducted for the case of severe asymmetry, an arbitrary
allocation plan is fixed and desirable reallocation is searched out. There are altogether two possible
scenarios. In the first, a positive subsidy is provided to Firm 1, i.e., S; > 0. Lemma 2(b) thus
requires S1 = Sa—(01—02) and I'g = M —(01—03)—2S51. That is, the principal fully offsets the initial
imbalance. Note that the limiting situation I'g = 0 is not excluded, while (S1 = 0,52 = 61 — 05)
depicts the other limiting situation when S; — 0T. In the second scenario, no subsidy is provided
to Firm 1, i.e., S1 = 0. Lemma 1 thus implies that Ss € [0, 01 — 03], where the asymmetry between
firms continues to exist. Again, the limiting situation I'g = M is not excluded.

Assuming that the first scenario currently prevails, the optimum requires S; = Sz — (01 — 62)
and o = M — (61 — 62) — 25;. For all allocations that satisfy these conditions, the first order

partial derivatives of (8) are given by

oFE (t) _ oF (t) _ [(91 + Sl) + ((92 + SQ>]2T71 ' —1 (21)
051 0852 [ (02 + S2) (01 + S1) (Vo + To)]" 01+ 602+ S1+ S’
and oF (t) _ [(91 + 51) + (92 + Sz)]Qr_l . —r (22)
Ty [r(01+ S1) (B2 4 S2) Vo +To)]" (Vo+M — Sy —S2)

Again, the direction of a desirable reallocation depends on the magnitude of the RHS of (21)

and (22). An additional subsidy is desirable if and only if 7 +92i51 5 T e 5,5, By way

oy . . . . 1 r
of contrast, an additional prize purse is preferred if and only if 00575 < VoTi—5-5° and a
17



desirable reallocation requires that S; and Sz be reduced by an equal amount until the resource
that subsidizes Firm 1 is completely taken away. When Firm 1 receives zero subsidy, the second
scenario thus emerges, and the first order derivatives of E(t) boil down to (17) and (18). Repeating

the practice in Section 3.2.1 leads to the following results regarding the optimal allocation plan.

Proposition 2 When 01 — 65 < M, in the unique subgame perfect equilibrium, the principal
(a) allocates the entire budget to subsidize the two firms, i.e., ST = %1_92),5’5 = w
and T'§ = 0 if and only if Vo > r(01 + 02+ M);
b) subsidizes both firms and creates a positive prize, i.e., ST = Sa — (01 — 09) and ' > 0 ¢
( ) p p ) » M1 2 0
and only if Vo <r(01+ 02+ M) and Vo + M > 2r6; + (01 — 02);
(c) allocates the entire budget to the prize, i.e., T'§ = M, if and only if Vo + M < %;
(d) splits the budget between the subsidy Sz to the weaker firm and the prize, i.e., ST = 0,55 €

(0,01—02], and T = M =S5 > M —(01—05), if and only if 2 FE) < Vot M < 270+ (01— 02).

Proof. (a) In scenario one, because Sy = S + (61 — 602), we have m strictly decreases
with S while m strictly increases with S7. An optimum that involves zero I'g would

— when §; = M=0102) g g, = MHOLZ0) i

. . 1
emerge if and only if g—p oo > gt sy

condition can be written as
1 T

Z 370
01+6:+M — Vy
which is equivalent to Vp > r(61 + 62 + M).

(23)

Note that at allocation (S; = 0, Sy = 01 —62), the comparison between (21) and (22) for scenario
one is consistent with that between (17) and (18) for scenario two as the relevant derivatives take
the same values (due to the continuity). Note that as long as the comparison between (17) and
(18) for (S = 0,52 = 61 — 62) favors more research subsidies, then all allocations of scenario two
are dominated by (51 = 0,52 = 61 — 03).

The above arguments show that (23) is a sufficient condition for I'g = 0. The necessity of this
condition is clear as if it does not hold then deviating slightly from I'g = 0 by creating positive
top-up prize reduces the expected innovation time.

(b) Based on the arguments of case (a), to have the organizer subsidize both firms and create

oy . . oy . 1 . r
positive prizes, the necessary and sufficient condition is 01575 = VaTil 5,5, for some 57 €

M—(61—-0 P . 1
(0, %) and Sy = S1 + (61 — 02). This is equivalent to 551575 < yrrar—s,—5, When

and

_ M—(01—-02) _ M+(01-02) 1 r _ _n
S1 = —s and Sy = 5 0170,+5155; > Vo XM —5,-255 when S7; = 0 and Sy = 61 —05.

M*(921*92) and Sy = M+(921*92)

o 1 r . C .
Condition 5T < ViTi 5.5, when S = means deviating
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slightly from I'g = 0 by creating some top-up prize reduces the expected innovation time. It can be

written as Vy < r(601+62+M). Condition 01+92i81+52 > V0+M151—52 when S; = 0 and Sy = 01 —02
means that additional prize reduces the expected innovation time. The latter condition is satisfied
if Vo + M > 2r0y + (01 — 62). If 2r0; + (01 — 02) < M, this condition automatically holds.

(c) By the reasoning laid out above, an allocation that involves S < 07 — 2 can be optimal
if and only if Vo + M < 2r6; + (01 — 02). Comparing (17) and (18) at I'gp = M (i.e. S; =
Sy = 0) leads to that the optimal allocation plan involves zero subsidy and I'g = M if and only if

r0 1— . . . . 702(01+62)
92(91jr92) + (91+52) < VO-T-M' We rewrite the inequality, and obtain Vj + M < T (A=r)03 " So far

we found that such an optimal allocation plan of case (c) requires Vy + M be subject to two upper

bounds, 2rf; + (61 — 62) and %. We now compare the two upper bounds, and we claim

the former is strictly greater than the latter. To see that, we have

_ ?”92(91 + (92)
01 + (1 —1r)02
[2’!”91 + (91 — 92)][7“91 + (1 — 7”)92] — ?”92(91 + (92)
r01 + (1 —7)62
21201 (01 — 02) +70% + (1 — r)0o(61 — 65)

= P =N > 0. (24)

27"01 + (91 — 92)

(d) If the condition (c) (as well as those of (a) and (b)) is not satisfied, we must end up with
an optimum with Sy = 0,52 € (0,01 — 03), and I'g > M — (61 — 02) by the arguments we have laid
out in the proof of Proposition 1(c).

QED. =

Clearly, Proposition 2 and the arguments in its proof mean that S7, S5 and I'jj are continuous
at thresholds Vy = % —M and Vy = 2r0; + (01 — 62) — M. The amounts of equilibrium

subsidies in the optimally designed contest are presented in the following corollary.

Corollary 2 (a) When Vo < (01 4602+ M) and Vo + M > 2r0; + (61 — 02), the principal allocates

Vo+M)—(1+21)01+6 * Vo+M)+61—(142r)0
(Vo+ )2((1:;))1-0—2 and52:(0+ );_(ﬁrrg—‘r )02

subsidies ST =

2.

, respectively, to Firm 1 and Firm

(b) When % < Vo+ M < 2rf; + (01 — 02), the principal allocates a subsidy S5 =
\AZH4A,— A
1 5 2 1

to Firm 2 only, where A1 and As are as defined in Corollary 1;

Proof. (a) When an interior equilibrium prevails which involves both firms receiving positive
subsidies, proof of Proposition 2(b) shows that the equilibrium requires

1 r
= ) 25
0r+02+57+55  (Vo+M—57-53) 29)

19




Because S} = S5 + (61 — 02), (25) can be rewritten as

1 r
= . 26
2(02+53) (Vo+ M+ 0, — 63 — 253) (26)

We thus could obtain the optimal allocation bundle by solving this equation.
(b) In this case, the equilibrium condition is the same as that of Proposition 1(c). Equation
(20) continues to apply and we obtain the desirable result.

QED. =

r6o (91 +92)

When the private benefit is sufficiently small, i.e. Vy < (=03

— M, firms would not have
sufficient incentive to conduct this research. Hence, all the money should take the form of a top-up
prize in order to elicit the desired response. A greater private benefit strengthens firms’ incentive
to supply their effort, and therefore some money can be spared to subsidize the firms. When

the patent value is sufficiently large, at the optimum the principal does not need to provide an

additional prize incentive, while it prefers to subsidize the firms to increase their productivity.

Symmetric Firms: A Limiting Case

This model directly applies to the limiting case that involves symmetric firms, with 6, = 65 = 6.
In this case, the optimal allocation plan must either involve zero subsidy, or must equally subsidize
the two firms. An allocation plan depicted by Proposition 2(d) could never emerge as the optimum.

Proposition 2 is therefore adapted to obtain the following.

Corollary 3 When 01 = 05 = 0, in the unique subgame perfect equilibrium, the principal

(a) allocates the entire budget to subsidize the two firms, i.e., ST = S5 = % and I'y = 0 if and
only if Vo > 120+ M);

(b) subsidizes both firms and creates a positive prize, i.e., ST = S5 and Il > 0 if and only if
Vo<r(20+ M), and Vo + M > 2r0.

(¢) allocates the entire budget to the prize, i.e., T'o = M, if and only if Vo + M < 2r6.

4 Discussion

The main results are first summarized in the following table.
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Parameters Optimal Contest

Case I: Severe Asymmetry (01 — 03 > M)

(61+02+M)(024+M) * _ x __ *
Vo = S 6, a0 St=0,8=M,T;=0
(61 +02-+M)(02+M) 02(01+02) B
Vo < g ranm,ian o Yo+ M > a2 51=0,5;>0,T5>0

702 (61+62) . . .
Vo + M < it Sr=0,9=0Tt=M

Case II: Mild Asymmetry (0, — 02 € [0, M])

Vo > r(01 + 03 + M) Sy =55 = M=) e — g
Vo < (61 + 0y + M), Vo + M > 2r6; + (01 — 03) | S =S5 — (61— 02) > 0,T; >0
TG@ 9 * * *
2l < Vo + M < 270y + (01 — 02) Sf=0,55>0,T;>0

7”90 9 * k *

Our analysis concerns itself with the optimal allocation of the budget M that minimizes inno-
vation time. When more resources are available, the principal has additional flexibility in designing
the incentive structure. This leads to the question of how the principal would reallocate its resources
when it has a deeper pocket. In particular, would all the three elements in its bundle (S5, S5, )

be assigned more resources?
Proposition 3 S7 (M), S5 (M) ,T'§ (M) weakly increase with M.

Proof. See Appendix. m

Proposition 3 shows that all the three instruments are considered to be “normal goods” to the
principal. When the resources available to the principal increases, they would never decrease the
amount of resources allocated to any of the three instruments. Proposition 3 follows Lemmas 1
and 2 and further elaborates upon the roles played by these strategic instruments. In particular, it
implies that an equilibrium involving a corner solution (i.e., zero resources on certain instruments)
emerges more often if the resources are scarce, while a more balanced mix between subsidies and a
prize would result when the amount of resources available increases. This result therefore reveals
that subsidies and prizes are not perfectly substitutable in nature; although both are catalysts for
success, they function through differing channels.

The rest of this section further examines the nature of the optimal contest structure and the
role played by these structural elements (strategic instruments). In particular, we discuss how the
value of the private benefit, the technological nature of the innovation project and firms’ research

capacities, would affect the optimal budget allocation profile.
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4.1 The Private Benefit (Patent Value)

The optimal budget allocation profile depends critically on the patent value V. The results in
both cases have consistently exhibited that the patent value Vj is inversely related to the incidence
of subsidies. The derivation of the result is straightforward. As implied by Lemma 1, when the
winning firm can expect more rewards from a successful innovation, an additional prize would
provide less incentive for further effort supply, while a subsidy that tends to amplify the output of
these firms would increase its appeal.

An additional prize incentive is required only if the patent itself cannot adequately motivate
these firms’ innovative activities. As directly revealed by our results, an equilibrium where subsi-
dies exhaust the entire budget could emerge if and only if the size of the private benefit is suffi-

ciently large. By way of contrast, when V) is sufficiently low such that it falls below the threshold

o (01 +92)

o=t M, the contribution from an additional top-up prize completely outweighs that from

subsidies, which leads to an equilibrium where no subsidy is given away. By a similar logic, the

following result is expected.
Proposition 4 The amounts of subsidies weakly increases with the patent value V.

Proof. See Appendix. m

Proposition 4 states that the patent value Vj not only increases the frequencies of positive
subsidies, but also increases the amount of resources allocated to subsidies in the equilibrium.

Our results thus directly shed light on the design of the incentive mechanism to motivate research
efforts. Research firms would have weaker incentive to develop a dedicated military technology
without a generous procurement contract awaiting the winner. This could explain the observation
that DoD intensively seeks a prize incentive to motivate innovations that are often dedicated to
military applications.

By way of contrast, governments and non-profit organizations such as the United Nations fre-
quently dispense scarce resources in seeking medical cures or vaccines to limit the spread of deadly
diseases. In contrast to dedicated military technology, the broader application of civil medical
research leads to substantial profitability. Hence, in order to speed up the delivery of a medical
discovery, priority could be more frequently given to research subsidies towards pharmaceutical

research entities instead of luring them through procurement contracts.
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4.2 The Technological Nature of the Innovation: The Role of “r”

The parameter r indicates the technological nature of the innovation. It literally measures the
elasticity of the hazard rate to additional effort. Specifically, a greater r implies that the success of
the innovation relies more heavily on continuing effort, rather than on a sudden spurt of inspiration.
A lower r thus reflects that more uncertainty or greater difficulty is involved in a project.

A casual look at our results reveals that the properties of the optimal contest strongly depend
on the magnitude of r. In general, the principal is more likely to allocate resources to the “top-up
prize” (procurement contract) when the success of the project is more sensitive to additional effort,
i.e., a greater r. This argument is demonstrated by analyzing the critical values of Vj that define
differing equilibria.

The case of severe asymmetry is first considered, i.e., 81 — 02 > M. An equilibrium where the

subsidy Sy exhausts the budget would emerge when Vj exceeds the boundary T%ﬁiﬁt%()éfiﬂ\;[)

(014+02+M)(02+M)
91+(1T;T)(92+M)
condition that leads to zero top-up prize (Proposition 1(a)) is less likely to be met when r increases.

Rewrite the boundary as , and it can be seen to strictly increase with r. Thus, the

In contrast, the top-up prize exhausts the budget (Proposition 1(b)) when Vj < % - M.

7'92 (91 +92)

T+ (=03 strictly increases with r. The parameter r plays a

Again, a greater r lifts this bar, as
similar role in the case of mild asymmetry, i.e., 1 — 0o < M. Thus, it can be concluded that when
r increases, i.e., when the innovation is more sensitive to additional effort input, the incidence of

positive subsidies would fall in response, while a prize incentive gains a greater appeal.

Proposition 5 The equilibrium amounts of subsidies weakly decrease with r, i.e., the elasticity of

the likelihood of success to additional effort.

Proof. See Appendix. m

Proposition 5 states that the amounts of subsidies increase with the level of uncertainty involved
in the innovation project. The result of Proposition 5 is illustrated in Figure 2, which depicts in
case one (severe asymmetry) the equilibrium subsidy to Firm two. The values for the parameters
are as follows: 01 =4, 62 =1, Vj =1, M = 1. The curve that plots S5 is consistently shifted down
when r rises from 0.8 to 1.0. Similar patterns can be observed when both S} and S5 are plotted
for other cases.

The implications of this result are directly revealed by the expression of equilibrium effort outlay
as given by (7). The equilibrium effort outlay is linear in both the prize purse and the elasticity

parameter r. A greater r amplifies the incentive provided by the winner prize, as it directly enlarges
23



2 T T T T T T
1_ e
S
-
e -
#
// ‘
08 - _/'/ /, T
r &
A s
IV -
vy ’
S #
-
06 - Ao i
/ &
Ao
VA
S
A
// ;
L P -
04 e
A
;o
o
s
r=0.8 //__,
0 - A i
///
P
A
A =
///
///
o A I 1 1 1 1 1
o 0.5 1 1.5 ] 2.5 3 35 4

Figure 2: The Impact of r on 55

the marginal impact of effort on winning chance. Thus, a greater r heightens the appeal of offering
a prize incentive.

This result directly sheds light on the design of incentive mechanisms to promote scientific dis-
covery. Intuitively, when competing parties hold out little prospects of success, a “prize” that is
contingent on success cannot effectively motivate their effort. As a result, research subsidies that
enhance the parties’ capabilities would offer more compelling incentives when the project involves
substantial difficulty or uncertainty. For example, a science foundation that aims to foster advance-
ment in basic research usually provides incentives in the form of financial support to scientists more
often than contingent monetary rewards. This is because breakthroughs in fundamental scientific
theory presumably lead to immense reputational payoffs for the scientists who made the discovery.
While this reputational benefit is a sufficient incentive to elicit effort, achieving the breakthrough
is tremendously difficult. It is thus more attractive to provide a research grant that improves

scientists’ research capacity than to create an additional prize incentive.
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4.3 Firms’ Ex Ante Research Capacities

The results of this paper have confirmed the limited substitutability between a prize for winning
firms and subsidies or aid to firms. As directly evidenced by the thought experiment in Section
3, a parallel increase in firms’ efficiency parameters 6;s (which does not affect the balance in the
competition) reduces the need to improve their capability. A more generous procurement contract
would thus have a greater appeal. This substitutability therefore enables the principal to redirect
its resources to the prize purse.

It has been shown that a subsidy to a firm increases (decreases) equilibrium effort outlays if
and only if it balances (unbalances) the playing field. Thus, the principal has to preferentially
subsidize the weaker firm when it balances the subsidies between firms.!® This result echoes the
logic espoused in the literature on efficient handicapping, such as the work of Che and Gale (1998,
2003) and Fu (2006). A more level playing field encourages the weaker firm to step up its efforts,
which further prevents the stronger firm from slackening.

However, the following dichotomous effects should be stressed and clarified. Imagine that a
positive exogenous shock affects firm 1. This allows its research capacity to increase by Af#; > 0,
while further unbalancing the competition. For a given optimal resource allocation for (61,62, M),
the shock to firm 1’s capacity 67 exerts contrasting effects on the expected innovation time and effort
supplied. While it strictly decreases the equilibrium amount of effort supplied, it still unambiguously

increases the chances of success. This effect can be observed by fixing the resource allocation at the

initial optimum. First, similar to (9), we have age(lt) = FE(t) [91+9227:511+SQ — s = aaEéf). Thus
859(1t) < 0 from Lemma 1. This indicates that the expected innovation time is shortened when the

stronger firm realizes a favorable technological shock, holding constant the initial budget allocation

plan.'® Second, similar to (12), we have g—g: = [(gg‘fstl;i)((gjigj))ﬁ [(62 4+ S2) — (01 + S1)] <0 as

fs + So < 01 + 51 from Lemma 2. This reveals that when the stronger firm further improves its

capability, it creates a negative incentive to both firms as an increasingly unbalanced playing field
reduces the equilibrium amount of effort.?’ However, this negative effect is strictly dominated by

the positive (direct) effect due to the capacity improvement of firms. As a result, the expected

18 According to equation (15), a redistribution of the total amount of subsidies between the two firms does not have
a direct impact on the expected time for developing an innovation. Instead, the redistribution of resources affects the

expected innovation time through the equilibrium effort z*.
19 Clearly, the result still holds when the optimal resource allocation adjusts to the increase in 6;.
20When the optimal resource allocation adjusts to the increase in 61, the impact on effort supplied needs to be

studied more carefully.
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Figure 3: The Dichotomous Effects of 61 on E(t) and total effort 2z*

innovation time strictly decreases. The principal would get better off even if the contest structure
does not respond to this shock. These effects are illustrated in Figure 3. The values for the
parameters are as follows: Vp=1,0,=1,r=1, M = 2.

This result has useful implications for the design of optimal contests. For example, the structure
of an optimal contest will respond sensitively to the specific performance measure of interest. A
principal’s inclination for a stronger contestant 1 can immediately be reversed if he rather maximizes
other performance measures, such as overall effort, which has been widely assumed in many studies.
However, in this paper’s setting, where the principal maximizes the overall output of competing
firms, not their overall effort,?! a stronger candidate always benefits the principal, although it could

further unbalance the competition and reduce the amount of effort exerted.

4.4 Financially Constrained Firms

Financial constraints are not explicitly included in this model. Research activities are often impeded
by limited resources. Most academics consider research funds to be inadequate to support scientific

projects. As noted by Che and Gale (2003), DoD worries abut the financial stability of research

?INote that the expected innovation time is the inverse of the sum of firms’ hazard rate functions.
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companies, so it extensively subsidizes invited firms to maintain the competition. It appears natural
to assume that firms are constrained by the resources available to them. However, it is worth noting
that this model does not lose its bite in this regard. Recall that a firm’s ex ante technology in our
model is given by h;(z;) = 0;2. A binding financial constraint could function with the equivalence
of a reduced capacity #;. Both a lower 6; and a binding constraint tend to restrict the firms’ actual
equilibrium effort input. Hence, there is no loss of generality to presume that the generic measure
0; of capacity reflects the firms’ financial adequacy. Thus, when binding resource constraints are
present, the results discussed in Section 3.2 directly allow us to predict increasing incidences of

subsidies against a prize incentive.

4.5 When Firms Discount Future

In the current setting, it is explicitly assumed that firms do not discount future payoff. As pointed
out in Section 2, this setting, although limited, could mirror a situation where the principal’s
interest is not well aligned with that of the firms, such that the desired innovation creates more
imminent benefit to the principal than it does to the firms. If the firms also discount future payoff

at a discount rate of p € (0, p), a firm ¢’s expected payoff is thus described as

mi (7, 5) = /OOO e fi (ti) (1 = Fj (t;)) - (Vo + o) dt — x;
— hi (i) .
— hi(@) + hy () +I/5(1“0 + Vo) — ;. (27)

It is difficult to obtain close-form solutions in this setting, and this effect is not examined

analytically. However, simple rationale reveals that a nonzero discount factor could affect the
structure of the optimal contest. The discount rate p plays a qualitatively opposite role to that
of the elasticity parameter r. A greater p diminishes the impact of any given prize incentive. As
a result, the resource that is allocated to the top-up prize would be less effective in motivating
these firms. Thus, returning to the results laid out in Section 3.2, when firms are more eager, the
incidence and amounts of subsidies can be expected to increase. Alternatively, more eager firms
implies that the interests of the principal and the firms are better aligned, which weakens the need
for a prize incentive to elicit extra effort. Subsidies that amplify firms’ given outputs thus have a
greater appeal.

When p remains moderate, the presence of this factor would not qualitatively vary the main
results. However, additional complexity could result from a huge p. When p is excessively large, it

may no longer be optimal to preferentially subsidize the ex ante weaker firm. Looking at the payoff
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function (27), the discount factor can be interpreted as a third competitor in this race. When only
two firms are engaged, preferentially subsidizing the weaker firm prevents the stronger one from
slackening. However, this effect may disappear when p is excessively large, i.e., when p > h(z3),
as firm 2, the weakest competitor, cannot further motivate firm 1 even if it marginally steps up its
effort. It could be more efficient, then, in that case to preferentially subsidize the stronger firm.
The stronger firm exerts more productive effort, and an additional subsidy could further assist it

to

‘race against the clock”.
In summary, it should be noted that the above results apply in settings with moderately sized p.
In order to view the panorama in the presence of a large p, additional analysis would be required,

despite its analytical difficulty.

5 Concluding Remarks

This paper has studied the optimal design of research contests. The principal was allowed to
design the contest using two strategic vehicles: subsidies to competing firms and a top-up prize
(procurement contract). The principal faced a budget constraint and its objective was to minimize
the expected amount of time required for an innovation. It was found that, when firms differ
in their initial capabilities, the principal can effectively speed up the innovation by preferentially
subsidizing the weaker firm. Furthermore, an additional prize incentive (procurement contract)
occurs more often when less uncertainty is involved in the innovative project, while it occurs less
frequently when there is a larger patent value (private benefit).

In order to gain more value from the results of this paper, future research should empirically
assess the productivity of firms with asymmetric abilities, which is important for practical purposes
when research grants are to be allocated between firms with heterogeneous capabilities. In addition,
instead of assuming a constant marginal cost function, various cost functions can also be considered,
to allow for more generality. To broaden the scope of our analysis and to further fit our setting
into reality, contests that involve many participants and multiple non-identical prizes can also be

calibrated as interesting extensions.
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Appendix

5.1 Proof of Lemma 1

OE(t)

: 2r—1 T r r
Proof. Since r < 1, we have 0.,7575 — 745 < 550, 15.75; — o005 < V- Clearly, ar, < 0.
2 2 2
Now we show 2 a}g;t) >0 and 2 8?5“ > 0, i.e., their marginal impact decreases. To show 9 8@9) > 0,
la BE(t)l 0 SE(t !
we need to show 6?9511 < 0. Because | 85(1)\ = E(t)&,, it suffices to show £; decreases with 5.
: 08 2r—1 . r T _ r
Simple calculus reveals that 95 = 01502451757 — 1457 < T 15. 552 ~ 01352 < 0. The

marginal impacts of Se and I'g can be similarly shown.

QED. =

5.2 Proof of Proposition 3

Proof. We first consider the case of severe asymmetry (01 — 62 > M) where ST must be zero.
Clearly, the claim is true for the case of Proposition 1(a) and 1(b). For case 1(c), the equilibrium

T . . . . 0 1 .
subsidy S5 is uniquely determined by the equation [91+(02+221)}(92+S2) + [01+(02:-SQ)] = (Vm—]\fl—&) .

When Vj increases, RHS would decrease in response, which requires a larger S5 to rebalance the
equation.

We then consider the case of mild asymmetry (6; — 0y < M). A similar logic applies in
equilibrium with only S35 > 0.

We then consider the equilibrium that involves positive subsidies to both firms. The equilibrium
amounts of S5, as well as ST = S5 — (01 — 62) are uniquely determined by the equation m =
ik When Vj increases, RHS strictly decreases, which thus requires an increase in

T
(Vot+M+01—02—253
S5 to restore the balance.

An increasing Vg could vary the type of the equilibrium. However, by the proofs of Proposition 1
and 2, ST and S5 are continuous at thresholds. In addition, as pointed out in the text, an increasing
Vb increases the likelihood of the equilibrium with the entire budget to be allocated to subsidies.

We then conclude that S increases with V.

QED. =

5.3 Proof of Proposition 4

Proof. Suppose that we have M; > My. We claim S7 (My) < S} (My),S5 (Mo) < S5 (M),
and I'§ (Mp) < I'§ (M;). Define A = M; — My > 0. Initially the principal has an optimum
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(ST (Mo), S5 (M) ,I'§ (Mp)). Note that we must have S5 (My) > ST (Mp) from Lemma 2. We
consider the following possible cases.

Case 1: I'j(My) =0, ST (Mp) = 0,55 (My) = Mp.

In this case we must have £5(Mp) > max{£] (M), £5(Mop)}. Recall that &
&= 7 — arrmrerey and & =
S5 (Mo) < 55 (My) .

Suppose S5 (My) > S5 (My), then we must have S} (Mg) < ST (M7) or I'§ (Mo) < I'§ (My). By

_ ro_ 2r—1
T 01+S1 01+02+51+527

ﬁ' In order to verify the claim, we only need to show that

Lemma 2, ST (M;) must remain at zero if S5 (Mp) > S5 (M;). Thus, we can only have I'fj (M7) >
Iy (Mp) = 0. However, this implies £5(M;) > £5(M;), which conflicts with the first order conditions
for the optimum.

Case 2: '} (My) =0, ST (Mp) € (0, My), S5 (My) € (0, Mp).

In this case we must have £](My) = &5(Mp) > £5(Mp). In this case, we need to show neither
ST nor S5 drops. By Lemma 2, when one of S} drops, the other must follow. Hence, suppose that

both S} and S5 drop, which implies I'; must strictly increase. £5 then strictly decrease, but at least

&5 increases since 01 + ST > 62 + S5 from Lemma 2. To see that, we have £5(M;) = m -
2r + 1 > T _ 2r + 1 —
01457 (M1)+602+55 (M) 01+S7(M1)+02+S5(M1) = 62+S55(My) 2[02+55 (M1)] 01+S7(M1)+02+S5(My)

: E5(Mo) = grehrr— 2 + : = -
01457 (M) +02+55 (M) S2\70) = 5,455 (Mo) ~ 61+S57 (Mo)+02+55 (Mo) ' 01+57 (Mo)+02+55 (Mo) — 61+5; (Mo)+82+53 (Mo)
since 1 + ST (Mo) = 02+ 55 (My). We thus have £5(Mq) > £5(Mo) > £5(Mop) > £5(M;). This means

that the resources on I'j(M;) instead should be reallocated to S5.

Case 3: I'jj(Mo) € (0, My), S7 (Mp) = 0,55 (Mo) € (0, My).

In this case we must have £5(Mo) = £5(Mo) > &1(Mp). We need to show neither S5 nor I'
drops. Suppose that S5 drops, we must have S}(M;) = 0 by Lemma 2. This means I'j must
increase. Hence, &3 decreases while & increases, which yields &5 > £5. Thus, the resources on
I'(M7) instead should be reallocated to S5.

Suppose I'f decreases, we must have the total resources on S} and S5 increases. In this case,

Consider two cases.

E * _ 2r—1
we must have S5 increases. Note &5(M;) = 92+S72;(M1) — 91+92+Sf(7}\/11)+S;(M1)'
First, if S{(M) =0, then &5(M1) = gvskmmy — a7 wfjrgi* > Which implies £5(M1) < €5(Mo)
as S5 has increased. Second, S7(M;) > 0. Because 01 + S7(M1) = 02 + S5(My), &5(My) =
It also implies &5(M7) < &5(Mp) because £5(My) =

T o 2r—1 —
02453 (Mo) 014+02+53(Mo)

1
202155 (ML)

r o 2r + 1 > 1 > 1
02455 (Mo) — 01+02+55(Mo) " 01402453 (Mo) ~ 01402455 (Mo) = 2(02+53 (Mo)) *

Thus eventually, £ increases while &5 decreases. This means the resources on S5 instead should

be reallocated to I'fy(M7).
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Case 4: I'jj (My) € (0, My), S7 (Mo) € (0, M), S5 (M) € (0, My).

In this case we must have {J(My) = &5(My) = £5(My). We need to show none of the three
choice variables can decrease. Combining the arguments in Cases 2 and 3 leads to this result.

Case 5: I'jj(My) = My, ST (Moy) = 0,55 (My) = 0.

In this case we must have £5(Mp) > max{&](My),&5(Mp)}. We need to show I'§ cannot drop.
Similar arguments as in Case 3 would apply.

QED. =m

5.3.1 Proof of Proposition 5

Proof. We consider the impact of a marginal increase in r on the equilibrium in two possible cases

Case 1: 01 — 05 > M.
In this case, ST = 0. We claim that in any equilibrium where S5 > 0, S5 strictly decreases with

r. The equilibrium condition (20) can be rewritten as

01 1—r 1

01+ (62 +55)] 02+ 55) T rbi+ Ga+ 5] (ot M—255) (28)

Assume there is an equilibrium with S5 > 0,I'j > 0. We fix this equilibrium and hold S5 constant.
For an increase in 7, the LHS of (28) would strictly decrease, while the RHS remains constant. To
restore the balance, S3 must be reduced.

Case 2: 01 — 05 < M.

Consider equation (26). Assume there is an equilibrium with ST, 55, T'§ > 0 and we fix this
equilibrium and hold S5 (as well as S} since S = S5 — (61 — 62)) constant. Imagine a marginal
increase in r. We would see that the RHS of (26) would strictly increase, while RHS remains
constant. To restore the balance, S5 (and S} since S; = Sy — (61 — 02)) must be reduced.

By the same argument as we presented in case 1, this result holds in an equilibrium with S7 =0
and S3,I'g > 0.

In the reasoning we lay out above, we implicitly assume that the increase in 7 is marginal such
that it does not cause a differing type of equilibrium. As aforementioned, an increase in r raises
all the cutoffs for Vj for different types of equilibria. Thus, the claim continues to hold when the

change in r is not a marginal one. In case 1, assume that an increase in r causes Vo + M to fall

rho (91 +92)

(=03 then S5 would drop to zero (Proposition 1). In case 2, the same would happen

below

to ST when an increase in 7 causes Vp + M falls below 2r6; 4+ (61 — 02) (Proposition 2). Such a
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change would cause S5 to decline as well. This can be seen by the proof laid out above and the

fact that S5 is continuous on Vy + M.

QED. =m
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